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studies established inverse design methods that map the target 3D geometry onto an unknown 2D

Keywords: precursor, but mainly focusing on filamentary ribbon-type geometries. Although strategies relying
3D assembly on spatial thickness variation of 2D precursors have been reported to achieve inverse design of 3D
Inverse dESigfl o surfaces, this could lead to a lack of compatibility with well-developed planar fabrication technologies.
gﬁgﬁllion? optimization In the framework of buckling-guided 3D assembly, this paper presents a computational method based

on topology optimization to solve the inverse design problem of 3D surfaces from 2D precursors with
uniform thickness distributions. Specifically, curvy ribbon components were exploited to discretize
nondevelopable target surfaces, and then optimized to ensure that the assembled 3D surface has the
best match with the target geometry. Combined computational and experimental studies over a dozen
of elaborate examples, encompassing both the caged and even general target surfaces, demonstrate
the effectiveness and applicability of the proposed method.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction substrate, this approach has enabled assembly of 3D mesostruc-
tures with a rich diversity of 3D configurations [56-60], as well

Three-dimensional (3D) mesostructures formed with high- as novel micro-devices with outstanding performances [24,61-
performance materials have enabled important applications in di- 65]. Existing studies concentrated on the theoretical/numerical

verse emerging areas, such as micro- and nano-electromechanical  prediction of 3D configurations based on the post-buckling anal-
systems (MEMS and NEMS) [1-7], soft robotics [8-15], flexible  yses of predesigned 2D precursor structures under prescribed

electronics [16-25] and metamaterials [26-36]. Diverse tech-  mechanical loadings, which can be regarded as a forward prob-
nologies are now available for the manufacture of sophisticated lem [66-71]. Meanwhile, to broaden the utility of the 3D as-
3D mesostructures [16,37-50]. Thereinto, a deterministic self- sembly approach, a few strategies have been developed to solve

assembly approach guided by compressive buckling, as developed
recently [51-55], has stimulated extensive interests, because of
its versatile applicability to a broad range of length scales and ex-
cellent compatibility with mature planar fabrication technologies.
By precisely controlling buckling deformations of patterned 2D
precursors selectively bonded onto the pre-stretched elastomer

the inverse design problem that determines the initial geometric
parameters of 2D precursors and loading magnitudes for desired
3D structures [72-76]. For example, optimization methods with
the genetic algorithm (GA) were reported to solve the inverse
problem with a limited number of design variables [72,75], but
such methods can only deal with filamentary ribbon-type geome-
tries. In terms of the 3D assembly of curvy surface configurations,
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planar structures to achieve accurately customized 3D geome-
tries, which was not very compatible with well-established planar
fabrication technologies.

In the framework of buckling-guided 3D assembly, this paper
proposes a computational method based on topology optimiza-
tion to achieve the inverse design of 3D surface structures assem-
bled from 2D precursors with uniform thicknesses. By discretizing
nondevelopable target 3D surfaces into a set of curvy ribbon com-
ponents, we exploit an optimal choice of discretization obtained
from the adaptive genetic algorithm (AGA) to reproduce desired
3D surfaces. Incorporating the width distribution in discretized
ribbons as an additional design variable allows considerably en-
hanced computational accuracy for curvy surfaces like drum and
semi-ellipsoid. In these cases, sandwich designs of 2D precur-
sor structures enable the integrity of 3D surface reproduction.
To realize surfaces with caged and more general shapes, two
representative discretization strategies were introduced in the
optimization approach, and its applicability has been demon-
strated through >10 examples with combined computational and
experimental results.

2. Inverse design to reproduce 3D surfaces with caged shapes

Most nondevelopable 3D surfaces cannot be created directly
from the post-buckling process of flat sheets in the condition
of small strains (e.g., <5%) for the constituent materials. There-
fore, it is necessary to exploit the concept of discretization, in
which the target 3D surface is divided into a set of ribbon-
shaped components, to realize the shape reproduction through
the buckling-guided assembly (Fig. 1(a)). Each ribbon component,
whose thickness and width are much smaller than the length, can
be modeled using the theory of Euler-Bernoulli beams. In this
section, we first establish the basic mechanics model to obtain
the 2D precursor configuration of the ribbon-framework structure
discretized from the target surface. By setting the coordinate
values of the points at the centroid lines of discretized ribbons
as design variables, the inverse design method based on topol-
ogy optimization is developed to reproduce centrally symmetric
target surfaces in Section 2.2. Section 2.3 illustrates the imple-
mentation of finite element analyses (FEA) and experiments in
this study. In Section 2.4, the results of the inverse design for
centrally symmetric 3D surfaces are provided for the validation
of the developed method. Section 2.5 introduces an improved
method to further improve the accuracy and universality of the
inverse design, by incorporating the ribbon width as an additional
variable and optimizing the entire ribbon-framework structures
discretized from the target surfaces.

2.1. Basic mechanics model

For centrally symmetric 3D surfaces, a typical class of surfaces
with caged features, a discretization strategy along the circum-
ferential direction can be adopted, where all discretized ribbon
components are the same and connected through the central joint
to form a ribbon-framework structure (Fig. 1(a)). In this case,
by solving the inverse design problem for the discretized ribbon
components, the whole centrally symmetric 3D target surface can
be reproduced.

Let the YZ plane in the global coordinate system be the plat-
form of the buckling-guided assembly. Consider a 3D hemispher-
ical surface as the target surface whose analytical expression is
given by

Fx,y,2) =x*4+y*+22 -1 =0,r > 0,x > 0, (1)

as shown in Fig. 1(a). Figs. 1(b) and (c) illustrate the specific
method for the inverse design of ribbon-shaped structures sepa-
rated from the target surfaces. To begin with, we need to extract

Extreme Mechanics Letters 51 (2022) 101582

the topology of the target ribbon from the target surface, in-
cluding the location of the centroid line (the red line) and the
twist of the cross section. To simplify the numerical analysis,
the whole configuration can be projected to the YZ plane, as
shown in Fig. 1(b). The location of the centroid line for the target
ribbon discretized from the target surface can be determined. For
example, the two endpoints and the midpoint of the centroid
line are L(0, -r), R(0, r) and O(0, 0), respectively. By setting two
additional points A(y, z) and B(-y, -z) in the centroid line, which
are centrosymmetric about the midpoint, the function of the
centroid line r(S) = (X (S),Y (S),Z(S)) can be interpolated
by these five sample points (using B-spline functions), where S
denotes the arc-length coordinate of the centroid line.

As illustrated in Fig. 1(c), a local orthonormal coordinate sys-
tem in terms of the Frenet frame €} (i = 1, 2, 3) of the centroid
line can be set up, where e}, e; and e} refer to the normal,
binormal and tangent direction of the centroid axis, respectively.
The Euler frame e; (i = 1, 2, 3) of the curved beam can also be
established, in which e; and e, are the orthogonal unit vectors
along the principal axes of the cross section, and es is tangential
to the centroid line, coinciding with e3. The vectors e; and e, are
also the normal and tangent vectors of the 3D surface, respec-
tively. The corresponding Euler frame of the initial planar ribbon
is E; (i = 1, 2, 3) instead. Thereby, the unit vector e} and e; can
be easily obtained from the parametric function of the centroid
line r(S) by

"

P
€ = | (2)
and
F'ly—
e = _ﬂ, (3)
[F'lr=res)]

where F' = (FX, Fy, FZ) is the first-order partial derivative of the
analytical equation for the target surface. We introduce the angle
rotating clockwise from ej to e; based on the right-handed screw
rule as the torsional angle 6 (S), which can be expressed by

el -e N
6 (S) = arccos = arccos (€} - e7) (4)

€7 lel

to describe the twist of the cross section. Then, the Euler frame
e; can be related to the Frenet frame e} by

e cosf® sinfd O e;
e;| =]|—sinfd cosd 0] ]|e]|. (5)
e 0 0 1 e;

*

The curvature « related with the Frenet frame of the centroid
line can be calculated from the parametric equation r(S) by

d’r
ds?

Consequently, the bending curvature «; of the target ribbon with
respect to the direction of the sectional vector e; can be deter-
mined from the curvature of the centroid line and the torsional
angle by

E3
K1

= > 0. (6)

des de; .
=—— . =———2.(—sinfe’ + cosfe;
=g e="g 1t 2)
=sinfk; € [—«, «7]. (7)

For the slender ribbon whose thickness is much smaller than the
width and the length, the compressive buckling process is mainly
governed by out-of-plane bending and twisting deformations. The
in-plane bending curvature is therefore assumed to be unchanged
during the 3D assembly. As such, the curvature K; of the centroid
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Fig. 1. Inverse design for centrally symmetric 3D surfaces. Schematic illustrations of (a) the discretization for nondevelopable centrally symmetric surfaces, (b) the
topology optimization for one of the discretized ribbons, and (c) the mechanics model to analyze the ribbon structure assembled through compressive buckling under
predefined loadings. (d) Fabrication procedures that transform the 2D precursor into desired 3D surface configuration, after release the pre-stretch in the substrate.

line of the initial 2D precursor is approximately equal to the
bending curvature k1, and the centroid line of the planar ribbon
can be determined consequently. Besides, the thickness of the
ribbon is fixed as 1/900 of the arc length (Ls), and the width
distribution can be solved accurately as

w (S)
7 /(Y2 (S) + 2% (9)) Ls Ls
—— " Se|0,Z —als|N|Z +als, Ls

T L ] ERC
T )7 (Y2 (L —als) + 22 (& —als ’
Yo (s —as) +22 (5 D (5 )
n 2 2
(8)

in which n refers to the number of ribbon components discretized
from the target surface, and is set as 8 in the current study on
the inverse design of 3D surfaces with caged shapes. The width of
the ribbon component in the central area, with a distance of (aLs)

from the midpoint of the 2D precursor, keeps uniform to ensure
connectivity of different ribbon components. To improve the ac-
curacy of the inverse design, we introduce out-of-plane rotational
loadings at each endpoint of ribbons in the 3D assembly, aside
from in-plane displacement loadings. As shown in Fig. 1(c), the
values of in-plane displacement at two ends, Uapp1 and Uyppo, are
determined as the distance of the corresponding ends between
the target and the initial ribbon. The out-of-plane rotational an-
gles, Uappz and U,pps, Whose rotational axes are the V; and V,
respectively, can be obtained according to their locations.

To this end, the initial planar ribbon configuration and the
required loadings can be directly obtained, once the location of
the centroid line for the target ribbon discretized from the target
surface is determined. However, not all curved ribbons arbitrarily
discretized from the target surface can be accurately formed
through the buckling-guided assembly. To solve the inverse de-
sign problem of target 3D surfaces, our goal is to achieve the best
match between the buckling configuration assembled through
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prescribed loadings and the target ribbon-framework structure
discretized from the desired surface, as defined by the centroid
line and the twist of cross section.

2.2. Inverse design strategy based on topology optimization

The inverse design problem described in the current study can
be formulated as a topology optimization problem to seek for
the optimal layout of discretized ribbon component. According
to the above mechanics model, the coordinate values of the two
centrosymmetric points (A and B) can serve as the variables to
be optimized within the optimized region D occupied by the
target 3D surface, as shown in Fig. 1(b). We then introduce the
relative coordinate error § of the centroid line between the target
and assembled configurations, which can be calculated in the
least-squares form by

\/Zk

\/Zk . j . [C target (S ) Ccentrmd]

in which S, (k = 1, 2, ..., m) refers to the arc-length coordinates
of the node number k in the FEA; G (j = 1, 2, 3) is the coordi-
nate component along the three axes (X, Y and Z) of the global
coordinate system; Cj“e“m"d is the coordinate component of the
centroid for the target surface in the YZ plane, which can be set
as the intersection of the lines connecting two ends of all ribbons.
For instance, ;"™ denotes the origin O for the target surface
with a hemispherical shape. Since the optimization accuracy of
the entire 3D surface depends on the match of both coordinates
of the centroid line and torsional angles of the cross section, the
objective function of such topology optimization problem can be
defined with a simple linear weighted form as

g 8C €3 el

Cresult (s ) _ C‘target (S )]2

(9)

2 44
\/ka=1 Zf:l [eresult (Sk) —

2\/2;" 23 [ (. target (Sp) — C_centrcvid]2
k j=1
2
\/ZI ] Zj 1 *result S) — e;]target (Si)] (10)

2
4\/21 121 1 e;target (Si)]
« 2
\/Zl 12} 1 *result S) — e]jtarget (Si)]

N 2
4\/21 12; 1 eutarget (Si)]

where 4§, 5e§ and 889{ refer to relative errors of centroid line coor-
dinates, vectors e} and e}, respectively [72]. Note that the weight
coefficients can be altered according to the practical require-
ments. As such, the multiple objective problem can be converted
to a single objective problem. Furthermore, we introduce the
relative error of the torsional angle to compare the twist of the
cross section between the target and optimized ribbon, which can
be calculated by
v result /) _ ptarget (c.
5y — i )0 ) 0 (sl>|’ (1)
Zi:l ptarget (Si)

where S; (i = 1, 2, ..., (v) refers to the arc-length coordinates of
the sample nodes uniformly distributed on the ribbon in the FEA.

It should be pointed out that the AGA is suitable for the topol-
ogy optimization of the inverse problem, owing to its general
applicability and robustness in solving problems that are diffi-
cult to prescribe the analytical expression between the objective
function and variables [77,78]. Compared with traditional GA,
the improved AGA utilizes adaptive probabilities of crossover
and mutation to enable a more rapid convergence to the global

Cjtarget (Sk) ] 2
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optimal solution. A modeling package for distributed evolutionary
algorithms called DEAP [79] is used to implement the optimiza-
tion process. 50 individuals per generation are set as a group of
population to ensure the accuracy.

In summary, by assigning a minority of coordinate values of
points (for discretization of the target surface) as the optimized
variables and the weighted relative error as the objective func-
tion, the inverse design problem of the target 3D surfaces based
on the topology optimization can be formulated as follows.

Find P = (V1,¥2, -, Yn: 21,22, - - -, Zn)
s.t. Yn,zn €D
- Sex Se*
Minimize § = — + —2 L 12
2 T2t (12)

2.3. Implementation of FEA and experiments

This study combines numerical simulations and experimental
measurements to illustrate the versatile utility of the proposed
inverse design method. In the FEA, the commercial software
ABAQUS with standard (implicit) solver was adopted to simulate
the buckling-guided assembly process. Two-node beam elements
(B31) were used for 2D precursor structures in polyimide (PI;
elastic modulus = 2.5 GPa, and Poisson’s ratio = 0.34), and
refined meshes ensured the computational accuracy.

Fig. 1(d) illustrates the experimental process to transform the
optimal 2D precursor into the desired 3D surface configuration.
In our experiments, polyimide films (around 75 pm in thickness)
patterned using the digital laser cutting served as 2D precur-
sors solved from the inverse design. Small wedges (5 mm in
thickness) fabricated by 3D printing were introduced as bond-
ing platforms, such that the normal directions of the bonding
surfaces are along the unit vectors e; at the ends of ribbons,
thereby exerting out-of-plane rotations during the assembly pro-
cess. After adhering bonding platforms onto the pre-stretched
silicone elastomer (around 2 mm in thickness, Dragon Skin) at
the locations of predefined bonding sites, the 2D precursor can
be transferred onto bonding platforms with covalent siloxane
bonds. Releasing the substrate transforms the 2D precursor into
3D surface configuration.

2.4. Results of the inverse design for centrally symmetric 3D surfaces

We first consider the inverse design of a hemispherical surface,
whose analytical expression is given by

X +y+22=252 x> 0. (13)

As introduced in Section 2.1, completion of the inverse design
for a single ribbon component can accomplish the reproduction
of the entire surface with centrally symmetric shapes, since all
discretized ribbons are identical. As such, there are only two
design variables for this optimization problem. Fig. 2(a) presents
the optimization histories of the inverse design starting from
random initial values of the variables. After the evolution of
50 generations, the value of the objective function decreases to
4.00%, and the optimal discretized ribbon and the corresponding
2D precursor configuration are obtained. To intuitively illustrate
the convergence and applicability of the optimization method,
we extract the values of design variables at the first, second,
fiftth and last generations and compare the corresponding as-
sembled ribbon-framework configurations with the target surface
(Fig. 2(b)). As the generation number increases, the optimized
surface configuration matches more closely with the target sur-
face. Good agreements can also be observed with the quantitative
comparison of both the coordinate components (based on FEA
and experiment) from the top view (Fig. 2(c)) and the torsional
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Fig. 2. Results of the inverse design for centrally symmetric 3D surfaces. (a) Optimization history of the inverse design for the hemispherical target surface, based
on the adaptive genetic algorithm. G; refers to the optimized 2D precursor configuration and the corresponding assembled structures from two views for one of the
discretized ribbons up to the ith generation. (b) Comparison between assembled ribbon-framework configurations during the optimization process and the target
hemispherical surface, along with the optical image in experiments. (c) Optimized and experimental results on the distribution of coordinate components for the
hemispherical surface, in comparison to the target configuration. (d) Results of the inverse design for centrally symmetric 3D surfaces with the parabola-shaped and
sinusoid-shaped generatrices. The color in the target surfaces and the optimized FEA configurations represents the magnitude of the coordinate value along the X
axis and the out-of-plane displacement Uy, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

angles of the cross sections between the target and optimized Fig. 2(d) presents two additional examples of target 3D sur-
discretized ribbons (Fig. S1). faces with centrally symmetric shapes, whose generatrices are
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parabolic and sinusoidal curves, respectively. The analytical ex-
pressions of these two target surfaces are given by

X+ +22=1,x>0 (14)

and
2X — Cos (m/y2~|—22> =1,x>0. (15)

These two 3D surfaces can also be well reproduced with the
developed inverse design method. The obtained relative errors
are very low (<3%) for both cases, as evidenced by the good
agreements between target surfaces and experimentally assem-
bled structures. It should be pointed out that the accuracy of the
inverse design improves with the number of discretized ribbons
increases, as demonstrated by optimization results for the target
surface with the sinusoid-shaped generatrix (Fig. S2).

2.5. Improvement of the inverse design strategy

2.5.1. Optimization by introducing the widths of ribbons as addi-
tional variables

According to the previous studies [80-83], a nonuniform width
distribution of the ribbon gives rise to the spatial change of
bending and twisting stiffnesses, thereby affecting the shape of
resulting 3D configurations during the assembly process. Based
on the topology optimization, the inverse design can also incor-
porate the widths of ribbons as additional design variables, in
order to enable improved accuracy of the inverse design strategy.
For the inverse design of centrally symmetric 3D surfaces, the
function of the normalized width w (S) can also be interpolated
with five design variables (w1, w,, 1, w, and w;) using B-spline
functions, where w; and w, are two additional variables of
normalized widths. The range of these two width variables is set
as [0.05, 1], considering that the ribbon-framework structure is
discretized from the target surface and the width of the ribbon
can only be decreased to avoid self-overlap. Then the function of
decreased ribbon width w’ (S) can be obtained by

w S =w®wE), (16)

as shown in Fig. 3(a). To this end, the inverse design problem
of the target centrally symmetric surface that incorporates the
widths of the cross section as additional optimization variables
can be given by

Find P = (y1, Y2, 21, 22, W1, W3)
s.t. ¥1,Y2,21,22 € D, wy, wy € [0.05, 1]
Sex Ser

_3 _1
4 4

Fig. 3(b) provides a solution to fill gaps between each ribbon
component after the 3D assembly, owing to the decrease of
ribbon widths. Here, a sandwich design of 2D precursor structures
is adopted, where a layer of thin PI film (with initial widths in
ribbon-framework structures) is transferred onto a layer of thick
PI film (with decreased widths in ribbon-framework structures)
with an adhesive layer. The thin film is much thinner (approxi-
mately 1/10) than the thick film, such that the shape of assembled
configuration relies mainly on the optimized 2D precursor of the
bottom thick layer. In the experiments, the thin and thick PI
layers are ~7.5 wm and ~75 wm in thickness, respectively.

An example of the target surface with a drum shape, which
can be analytically expressed by

_ 8
Minimize § = 5‘7 + (17)

N+ (Y’ +2°) =9, x>0, (18)
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is presented in Fig. 3(c) to illustrate the improved accuracy by ad-
ditionally optimizing the widths of ribbon components. After 200
generations, the relative error of the optimization with variable
width decreases to 5.24%, which is less than half of the relative
error in the case of fixed width (without optimization). Through
the comparison of assembled configurations, similar conclusions
can be obtained that the optimized surface with decreased rib-
bon width matched more closely with the target drum surface
than that with fixed width. Fig. 3(d) provides results of the
inverse design for a drum surface, by exploiting sandwich pre-
cursor structures (based on FEA and experiment). These results
demonstrate that the thin PI layer can not only eliminate the
gaps between ribbon components to yield a complete 3D surface,
but also have almost no influence on the shape of assembled
configurations.

2.5.2. Inverse design of target surfaces with non-centrally symmetric
caged shapes

For the class of non-centrally symmetric surfaces shown in
Fig. 4(a), the discretized ribbons are not identical, and there-
fore, we cannot realize the reproduction merely through the
inverse design for a single ribbon component. In this case, the
entire ribbon-framework structure discretized from the target
surface should be optimized. As an example, Fig. 4(b) illus-
trates the inverse design of target surfaces with more general
caged shapes based on topology optimization. For one of the
discretized ribbons, the functions of the edge lines r{(S) =
X1 (9),Y1(5).Z1(5)) and 12 (S) = (X2(5),Y2(5).Z(5)) at
two sides of the ribbon along the direction of the centroid line,
namely, the cutting lines, can be interpolated by coordinate
values of discrete sample points, (Aq, By, O, Cy, D) and (A3, B,
0, G, D,), respectively. Here, (A1, A;) and (D4, D,) are at the
two ends of the ribbon. Note that the number of sample points
to be optimized can be decreased when the target surface has
a certain degree of symmetry. For instance, we only need to
consider two optimized sample points A; and B; to describe the
ribbons along the Y or Z axis (i.e., the blue ribbons in Fig. 4(b)).
As such, the function of the centroid line for each ribbon r (S) =
X (S),Y(5),Z(S)) can be expressed in terms of the functions of
its two cutting lines as

X1(5) + X2 (S) i+
2

YO = —7F—,

X(OS) = 5

(19)
ZiS)+24 )
—

The function of torsional angle 6 (S) can be obtained from the
target surface, and the function of the width distribution w(S)
can be calculated by as given in Box .

It should be pointed out that the angle ¢ between two con-
necting ribbon components at the joint can be assumed un-
changed during the assembly process, as shown in Fig. 4(b), since
the deformations mainly occur at other locations. To this end, the
improved inverse design problem to reproduce target surfaces
with non-centrally symmetric caged shapes can be expressed by
as given in Box II. _

Box II in which D represents the edge of the optimized
region based on topology optimization, and the mean value of
relative errors for all ribbons serves as the objective function
of the optimization. In this case, the target surfaces are still
discretized into framework structures with 8 ribbons.

Fig. 4(c) and Fig. S3 provide five examples to illustrate the
utility of the optimization method. The analytical expressions of
three target surfaces shown in Fig. 4(c) can be written as

2 2
+—=1,x>0, (22)

Z(S) =
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Fig. 3. Inverse design by introducing the ribbon width as an additional variable. Schematic illustrations of (a) the optimization for the width of the ribbon discretized
from the centrally symmetric target surface and (b) the sandwich design that eliminates the gaps between assembled ribbons due to the decreased ribbon widths.
(c) Comparisons of the optimization histories of the inverse design of the drum-shaped target surface between the cases with fixed and variable widths. (d) Results
of the inverse design for the drum-shaped target surface with optimized widths, including the widened and whole configurations with the sandwich structure, as
well as assembled configurations based on FEA and experiment. The color in the target surfaces and the optimized FEA configurations represents the magnitude of
the coordinate value along the X axis and the out-of-plane displacement U, respectively.. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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X (o, B) = +/0.5cos (28) + 1.5cos « sin B

y (o, B) =sin« ,
Z (o, B) = +/0.5co0s (2B) + 1.5cosa cos B
T T
ae[—E,E]ﬁe[Qn] (23)
and
%+ﬁ—%Fij§l—a—ra]zax>a (24)

These three target surfaces with non-centrally symmetric caged
shapes can all be well reproduced using the developed topology
optimization method, as shown by good agreements between
the target and optimized surfaces, along with the experimentally
assembled configurations. Moreover, Fig. S4 provides the opti-
mization results of the inverse design with fixed ribbon width
for the target semi-ellipsoidal surface for comparison with the
results with decreased ribbon width shown in the first row of
Fig. 4(c). The comparison further confirms that incorporating
width distributions of discretized ribbons as additional design
variables can greatly improve the accuracy.

3. Inverse design to reproduce 3D surfaces with more general
shapes

In this section, we adopt the proposed method to achieve
the inverse design of desired 3D surfaces that possess more
general shapes. With an arch-shaped surface as an example,
Fig. 5(a) illustrates a general discretization strategy inspired by
CT scanning [74] for such target surfaces to solve the inverse
design problem with topology optimization. The intersections of
the target surface and the YZ plane (denoted by dotted lines in
Fig. 5(a)) are regarded as the ends of discretized ribbons. Here,
the target surface can be discretized into a ribbon-framework
structure with an additional ribbon (denoted by red color) that
connects the central points of each discretized ribbon. Similar to
the inverse design of caged surfaces, the inverse design of target
surfaces with general 3D shapes can be accomplished with the
topology optimization of the entire ribbon-framework structures
by optimizing the cutting lines.

Fig. 5(b) presents the results for the inverse design of the
arch-shaped surface, whose analytical expression is given by

2
%—(Jr—yl+0ﬂ np

=0,x> 0. (25)
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Here, seven discretized ribbon components containing 70 sample
points were adopted to reconstruct the arch-shaped surface, and
the resulting structure shows good agreements with the target
surface, as evidenced by the mean relative errors of both the
coordinates of centroid lines and the torsional angles of cross
sections for all discretized ribbons.

Fig. 6 provides four demonstrative examples to illustrate the
powerful capability of the proposed method for the inverse de-
sign of general target surfaces, which can be described analyti-
cally by

x(a, B) = (cosasin B + 0.3sin ) [2B — 7)* /n* + 1]
y(@, p) =sina[(2p — m)* /x* + 1] ,
z (o, B) = (cosa cos B + 0.3 cos B) [2B — m)* /m* + 1]

ae[—z z],5e[o,n],

3’3 (26)

X (o, B) = cosasin B

y (o, B) =sina+0.6sing —0.3,xa €

55l eel5 %)

(27)

Z (o, B) = cosa cos B

10

X+ 2.1y* 4 0.06yz + 0.922 — 2.35y* + 1.6y*z — 1.03y*z> = 0.9,
y €[-0.5,0.5],z € [—1.4, 1.4]

(28)
and
x(a,t) = —«/5(38— 20) (1—sina)
2t —3 . T 5w 0.1
y(a,t):T(1+3sma) ,o € 77 ,t [0, 1].
Z (o, t) =cosa (t — 1.5)
(29)

Excluding the last example that adopts only 4 ribbon components
in the discretization, the other three target surfaces are all dis-
cretized into 7 ribbon components. In all of these examples, the
FEA and optical images of optimized assembled structures are
always very similar to the target surfaces, as evidenced by the low
relative error (<6%) between assembled and target configurations.

4. Conclusion

This work introduces a systematic study on the inverse design
of 3D surface structures through the buckling-guided assembly.
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By discretizing target 3D surfaces into ribbon-framework struc-
tures, an inverse design method based on topology optimization
is developed to search for the optimal discretization strategy of
the target surface. By taking into account spatially varying widths
of discretized ribbons in the optimization, the accuracy of the
inverse design is evidently improved, and target surfaces with
general 3D shapes can be reproduced. Demonstrations across
a dozen of complex 3D curvy surfaces with comparisons be-
tween the target and optimized configurations suggest a general
applicability of the developed method.
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